We show that in generic isotropic holographic theories the longitudinal Langevin diffusion coefficient along the string motion is larger compared to that of the transverse direction. We argue that this is in general a universal relation and we derive the generic conditions in order to be satisfied. A way to violate the relation is to consider anisotropic gauge/gravity dualities. We give an explicit example of this violation where the noise along the transverse direction is larger than the noise occurring along the quark motion. Moreover, we derive the effective world-sheet temperature for any generic theory and then the conditions for negative excess noise. We argue that isotropic theories can not have negative excess noise and we additionally remark that these conditions are difficult to get satisfied, indicating positivity of the excess noise even in a large class of anisotropic holographic theories, implying a strong universal property.
1. Introduction. Using the AdS/CFT [1] correspondence we can study the dynamics of the strongly coupled quantum field theories. The rapid development and understanding of the duality has led to a large number of different gauge/gravity dualities. Therefore, it is very intriguing to find universal properties of such theories with the hope that they carry on, to some extent, in the QCD itself. A realization of such results can be applied to the quark-gluon plasma (QGP) (see [2] for a review of applications to the QGP).
An observable studied using gauge/gravity techniques is the drag force of a quark moving in the QGP [3] , which can be measured from the momentum flowing to the bulk of a long open trailing string starting from a heavy quark on the boundary. The quantum fluctuations of the trailing string, are related to the momentum broadening of a heavy quark moving in the QGP, and can be analyzed independently along the direction of the motion of the quark and along the transverse plane. The stochastic motion is associated with the correlators of the fluctuations of the trailing string [4, 5] , and may be analyzed with the Langevin coefficients [6, 7] . The relativistic Langevin evolutions were studied in [8] and in non-conformal frameworks in [9, 10] . Since the system is out of equilibrium, the Hawking temperature of the induced string world-sheet metric T ws is in general different from the heat bath temperature T and may be even lower than it. The relevant Langevin coefficients resembling the noise for some degrees of freedom, can be negative, implying a negative excess noise generated by the driving force [11] . This is of particular interest since certain quantum conductors can have absent or negative excess noise [12] .
In this paper we analyze in a completely generic framework the relativistic Langevin coefficients of a heavy quark using the gauge/gravity duality techniques. We find that a relation, noticed also to hold in [9] for particular class of backgrounds [20] , namely an inequality between the transverse and longitudinal to the motion Langevin diffusion coefficients κ > κ ⊥ , holds for generic isotropic theories including ones with certain Lifshitz scalings. We derive the conditions to hold in order to satisfy this universal relation, and we express them in a compact form in terms of the metric elements of the gravity dual theory. They turn out to be satisfied by most of known theories, and that is why we argue that the inequality of the Langevin coefficients is in general universal, while we explicitly find the range of the universality.
A way to violate the universal relation between the diffusion coefficients is to consider a moving quark in anisotropic theory. In some sense this is similar to the violation of the shear viscosity over entropy density bound [13, 14] analyzed in [15] . We give a concrete example by calculating the Langevin coefficients in the spacedependent axion anisotropic theory [16] .
We also derive the generic formula of the world-sheet temperature T ws and we note that in most theories T ws < T having holographic refrigerator systems, while in the anisotropic theories the inequality may change [21] .
Another part of our motivation is to derive the condition for negative excess noise in a quark moving in a plasma. We find this condition in a compact form, expressed in terms of the time and the spatial metric elements. We note that this condition is stricter than the previous ones and is more difficult to obtain theories with negative excess noise, implying again a universal behavior. We argue that the only way to have negative excess noise is for a moving quark in anisotropic systems. Although we find that in the axion deformed anisotropic theory [16] the excess noise is positive. 2. Setup, trailing string and drag force. We consider a generic background of the form
which is diagonal and allows the study of anisotropic cases when at least one element of the G ii , i = 1, 2, 3 is not equal to the other two. All components are functions of radial coordinate u, the boundary of the space is taken at u → 0 and the element G 00 contains the blackening factor with the black hole horizon position. The trailing string corresponding to a quark moving on the boundary along the chosen direction x p , p = 1, 2, 3, with a constant velocity v, is characterized by the following parametrization t = τ, u = σ, x p = v t + ξ(u) , and localized in the rest of dimensions, which results to the induced world-sheet metric
Taking the Nambu-Goto (NG) action we find that the momentum Π p u flowing from the boundary to the bulk, which is constant of motion, is related to ξ ′ by
where
There is a critical point at which both numerator and denominator change their sign. This point u 0 is defined by
where we have supposed G uu (u 0 ) = 0. The drag force can be written in the compact form
2-1. World-sheet temperature. The world-sheet horizon obtained by g τ τ (σ h ) = 0 from (2) and the critical point u 0 are the same, and they are both obtained by solving the eq. (4). In order to find the effective temperature of the world-sheet horizon we diagonalize the world-sheet metric by introducing a new coordinate as
or equivalently dτ → dτ − g τ σ /g τ τ dσ. The metric becomes diagonal with the following components
and the corresponding effective temperature can be found from the coordinate singularity, giving
expressed solely in terms of the background metric elements.
3. Fluctuations of the Trailing String. We add fluctuations in classical trailing string solutions as in [4] , in order to study the stochastic motion of the quark. We choose the static gauge and consider fluctuations of the form δx(τ, σ) along longitudinal and transverse coordinates. The induced metric on the world-sheet is given byg αβ = g αβ + δg αβ , resulting in the following NG action for fluctuations around the solution (3) to quadratic order
where we have used the 'on-shell' expression for the world-sheet determinant
and
The linear terms in fluctuations form a total derivative and can be neglected with the particular boundary conditions imposed. We may rewrite the above action in terms of the coordinates that diagonalize the world-sheet metric with the metric elements (6) . It takes the following form
where H αβ = √ −hh αβ , and h αβ is inverse of the diagonalized induced world-sheet metric (6) . The equations of motion for fluctuations are derived from the action (10) and are
A way to compute the Langevin correlation functions from the fluctuation equations and extract the diffusion constants and the spectral densities is to use the harmonic ansatz δx i (τ, σ) = e iωτ δx i (ω, σ). Then the equations of motion become
To write the above equations we have used the fact that the h σσ world-sheet metric element may be written as g/g τ τ , which from (6) results in h = g.
3-1. Langevin Coefficients. Our metric form is a generic diagonal and is chosen in such a way that the metric elements depended only on the radial coordinate of the space. The Langevin analysis for the fluctuations we have introduced leads to two types of independent retarded correlators G R (ω) and G ⊥ R (ω) [4, 9] for the longitudinal and transverse fluctuations. A direct way to calculate the diffusion coefficients is by using the membrane paradigm [14] for the world-sheet action. Using the effective action (10), we obtain the transport coefficients associated with the massless fluctuations, from their coupling to the effective action evaluated at the horizon. In our generic theory where anisotropies are allowed along the different directions, this can be done consistently for motion of the quark along each direction. For each quark direction there is a unique horizon that makes the application of membrane paradigm possible. In other words we are taking advantage of the fact that the resulting two-dimensional world-sheet metric has some universal properties, irrelevant of how complicated the initial background metric is. From [4, 5, 8] we get the imaginary part of the retarded correlator related to the symmetrized correlator by G(ω) = − coth (ω/(2T ws ))ImG R (ω) where the world-sheet temperature dependence enters. The form of the diffusion constant follows then from the Langevin boundary analysis giving κ a = lim ω→0 G a (ω) = −2 T ws lim ω→0 ImG a R (ω)/ω . The index a refers to longitudinal and transverse fluctuations κ , κ ⊥ . Here we use the fact that a fluctuation φ in the bulk of a generic theory leads to an action of the form
where the relevant transport coefficients associated with the retarded Green functions can be read directly from the action, with q being the crucial input, since in two dimensions the rest of the induced metric dependence get canceled. The identification should be done with the action (10) which gives the generic formulas for the transverse fluctuations
where the index k denotes a particular transverse to motion direction and no summation is taken. For the longitudinal fluctuations
where we have employed L' Hospital's rule since our functions are continuous. Therefore the Langevin coefficients
ws , (16) expressed completely in the initial metric elements, where the T ws is given by (7) and the sign ± follows the sign of (G 00 G pp ) ′ . Their ratio can be written as
ws . (17) 3-2. κ > κ ⊥ for generic isotropic theories. For particular gauge/gravity dualities the inequality κ > κ ⊥ has been noticed to hold [9, 11] . In this section we examine the generic conditions for the inequality to be satisfied. We claim that it is a universal relation, since to violate these conditions, very particular backgrounds need to be considered. In a sense this arguing is similar to the shear viscosity over entropy bound. The universality of the ratio or the lower value bound are extensively violated only when very particular backgrounds are considered [15, 17] . Let us express the Langevin coefficients ratio in terms of the metric elements exclusively. The equation (17) takes the compact form
which can be brought for our purposes to
For an isotropic background, G pp = G kk . We assume that the boundary of the space is at u = 0, where the elements |G 00 | and G pp take their maximum values and as the radial coordinate of the space increase, these are decreasing functions [22] . The numerator G 00 G ′ pp > 0 takes positive values outside the horizon of the black hole of the initial background metric. The denominator reduces to a problem of finding the sign of the ratio r 1 = (G 00 /G pp ) ′ . Consider the cases where
, with m > 0, is the blackening function containing the horizon dependence, and its form is partly fixed by the assumption of the position of the boundary of the space. The geometry of the heat bath of Dp-branes is a particular example that belong to this class of backgrounds. Under these conditions we get r 1 > 0 which leads to
This is a universal result for this class of isotropic backgrounds, while the equality is satisfied for v → 0. For the more general case, isotropic metrics with a Lifshitz scaling G 00 = −G pp G bh u −n need to be considered. The sign of the denominator of (19) is specified by
then the universal inequality (20) holds. When n < 0, the background should be examined case by case, while the null energy conditions might not allow physical dual gauge theories. The case by case examination should also be done using the formula (18) when the black hole backgrounds have more complicated forms. For example the charged Reissner-Nordström-AdS black holes satisfy the universal inequality.
Therefore, for the generic isotropic theories with the nonstrict assumptions we have made, the inequality (20) holds. Theories with Lifshitz scalings, of n ≥ 0 satisfy always the inequality, independently of the exact details of the background.
For the anisotropic theories, the ratio (19), can be violated. Even when the expression in brackets is larger than the unit, the relation between the Langevin components depend on the ratio of the metric elements along the transverse direction and the quark motion's direction. This is the way that the violation of the inequality is implemented using the space-dependent axion deformed anisotropic background [16] . 4. Violation of the Universal Inequality in the Anisotropic Theories. The theory we use in this section is a deformed version of the N = 4 sYM with a space-dependent axion [16] . The anisotropic direction is the x 3 direction, while the x 1 , x 2 can be thought of as an isotropic plane.
We may consider the motion of the quark along the anisotropic direction and independently a quark motion along the transverse to anisotropic direction. For each quark direction there is a unique horizon of the induced metric and the relevant coefficients can be obtained from equations (15) and (16) .
We find for this background that G 11 /G 33 can be less than one and therefore according to the discussion of the previous section and eq. (19) , the universal isotropic inequality (20) may be violated in this theory for a quark moving along the transverse direction to the anisotropy and having transverse momentum broadening along the anisotropic direction. Indeed for a small anisotropy, using the world-sheet horizon u 0 found in [18] , we find
where a is the parameter measuring the degree of anisotropy and T is the temperature of the theory. The function B defined as
where γ := (1 − v 2 ) −1/2 . As the anisotropic parameter a increases, remaining in the small anisotropy limit, we find the inequality κ < κ ⊥ for larger and larger velocities. In fact in the regime of larger anisotropies where the background is known only numerically, the inequality (20) does not hold for the most of range of velocities. The detailed study in the anisotropic theories can be found in [19] . 5. Negative Excess Noise in QGP. For a quark moving in an isotropic plasma with the properties described in section 3, it is not possible to have negative excess noise. The reason is that the inequality (20) is satisfied and the κ ⊥ is proportional to the transverse to the direction of motion metric element and to the T ws , both of them positive. However, we may have negative excess noise for the longitudinal component for a quark moving in an anisotropic plasma. For a negative excess noise we need
For certain different scalings between the metric elements, it is in principle possible to satisfy the above inequality and a negative excess noise along the quark motion in the anisotropic systems. However, we note that the condition (22) for negative excess noise is much stricter than the other conditions derived in this paper, and as a result it is more difficult to find holographic systems to satisfy it. For example, in the Lifshitz-like anisotropic theory [16] we find no negative Langevin coefficients.
